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Abstract 


The recently developed perturba tion theory is applied to the calculation of fluxes and heating rates in a 

realistic aerosol atmosphere. We show that for an exchange of aerosol type (i.e., a change in phase fun ction 

and albedo) , perturbation theory is remarkably accurate. For the more demanding case of change in aero 

sol loading , perturbation theory gave very useable accuracy for a rescaling by a factor of at least 2. 


Zusammenfassung 


Anwendung der StOrungstheorie auf Strahlungswirkungen: Streuende Aerosolatmosphare 


Die jiingst entwickelte Storungstheoric finde t hier Anwcndung auf di e Berechnung von Fliissen und Er

warmungsraten in e iner realistischen Aerosolatmosphare. Wir zeigen, daG die Storungstheorie bci Aus

tausch der Aerosolart (d . h. Anderung de r Phasenfunktion und der Albedo) bemerkenswert genau ist. 

1m anspruchsvollen Fall ciner Anderung des Aerosolgchalts ergab die Storungstheorie selbst nach eincr Um

skalierung urn den Faktor 2 cine bcfri cd igende Genauigkeit. 


1 Introduction 

In a recent paper (Box et al., 1989) - hereinafter re
ferred to as paper I - three of us introduced an ad
join t-based perturbation theory, and indicated how 
such a formalism may be applied to the computation 
of atmospheric radiative effects, such as fluxes and 
heating rates. There we claimed that this theory pro
mised surprising accuracy, combined with extremely 
high speed (after some initial pre-computation). It is 
the purpose of this paper to demonstrate this accuracy , 
for the calculation of fluxes at both the top and bot 
tom of the atmosphere, as well as the more complex 
case of layer heating rates. 

We intend to consider two different perturbations: an 
exchange , or replacement, of one type of aerosol by 
another , and a rescaling of the base model aerosol 
profile . Details of these , and of the requisite pre-com
putations , are given in Section 2. Our major results for 
fluxes are presented in the following two sections . 
Section 3 deals with the vacuum boundary conditions 
case (i .e . no surface reflection), while Section 4 deals 
with the contributions from surface reflection. In Sec
tion 5 we consider the effects of perturbing selected 
terms in the Legendre expansion of the phase function. 
In Section 6 we show how the perturbation equations 

of paper 1 must be modified in the case ot heating rates . 
Our results for this effect are then presented in Section 
7. Finally our results are discussed and appropriate 
conclusions drawn in Section 8. 

2 Perturbation Details 

The adjoint-based perturbation theory introduced in 
paper I involves solving the radiative transfer equation 
for a certain "base model" atmosphere, to determine 
the radiance distribution , 10 , as well as the adjoint 
transport equation for the same atmosphere, to deter
lnine the adjoint radiance distribution, I~ (Box et al ., 
1988, hereinafter referred to as paper II): 

Lo 10 = Q (Ia) 

L~ I~ = R (1 b) 

In Eq. (1), Lo is the transport operator for the base 
model atmosphere. and L~ its adjoint (see paper II), 
Q is the radiation source (in our case, the extra-ter
restrial solar beam), and R the response function for 
the particular atmospheric effect in question. The base 
model effect , Eo , is then given by 

Eo = (R, 10> =(I~, Q> (2) 
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where angular brackets denote an inner product, or 

phase space integration (see paper II). 


If it is now desired to estimate the radiative effect, E, 

for a "nearby" atmosphere, denoted by a transport 

operator L, then 
order , 

we showed in paper I that, to first 

E == 

where 

Eo  ~E (3) 

~E = (I~ , ~L[o) (3a) 

and 

~L = L- Lo (3b) 

Details of how to compute the perturbation integral, 
(l~ , ~L [0) , especially in the case of azimuth-inde
pendent effects such as fluxes and heating rates, were 
provided in Section 3 of paper I. The final expression 
we derived was 

~E = 21T JdZ {~at(z) Z(z)
(4)-~ f (2Q + 1) ~1'/ Q (zHtcz) ~ Q (z)1 

Q =0 

where 

1 

2:(z) f elJJ I~ (z, JJ) 10 (z, JJ) (Sa) 

- I 

1 

~ Q (z) = f dJJ 10 (z , JJ) PQ (JJ) (5b) 

-I 

1 

~Q(z) = fdJJI~(Z'JJ) PQ(JJ) (5c) 

-I 

and 

1'/Q(z) = as(z) XQ(z) (5d) 

Here as is the scattering cross-section and XQ are the 
Legendre expansion coefficients of the scattering 
phase function. Finally, at is the total cross-section . 
Any perturbation can now be characterised by the 
values of the perturbation parameters, ~at and ~1'/ Q . 

Before describing the perturbation details, it is ne
cessary to .outline the details of the base model at
mosphere. Standard atmospheric profiles of molecules 
and ozone were used, and a wavelength of 0.55 JJm 
selected. This gave Rayleigh and ozone optical thick
nesses of 0.0981 and 0.0287, respectiveiy . The aerosol 
profile comprised four components : boundary layer , 
troposphere, stratosphere, and upper atmosphere. The 
relevant parameters are listed in Table 1. (Note that the 
boundary layer component is based on Shettle and 

Table 1 Base case aerosol model parameters. 

Component 

Parameter 2 3 4 

layer bottom 
0.0(km) 2.0 9.0 35 .0 

layer top (km) 2.0 9.0 35 .0 70.0 
optical 

0.20376thickness 0.10719 0.00902 0.00024 

asymmetry 0.6534 
parameter, g 0.6287 0.7259 0.7473 

scattering 
0.9427albedo , Wo 0.9528 1.0000 0.9949 

Fenn's (1979) 50 % humidity rural model). Henyey
Greenstein (1941) phase functions were used . 

Two different perturbations have been investigated 
in this paper. In the first , the basic aerosol profile was 
left unchanged, apart from a multiplicative rescaling 
parameter, 0, which was allowed to vary between 0 and 
3 (i.e. from no aerosols at all, to 3 times the original 
loading). As discussed in Section 4c of paper I, for such 
a perturbation, Eq. (4) reduces to 

~E =21T(D-1)fdZ {a?2:

-~ f (2Q+1)1'/S~t~Q} 
(6) 

Q = 0 

where a? and 1'/~ are the base model total aerosol cross
section, and scattering function expansion coefficients, 
respectively. Thus, once the integrals in Eqs. (5) and 
(6) have all been pre-computed, evaluation of ~E re
duces to a single multiplication. 


The second perturbation involved the steady substitu

tion , or exchange, of the base model boundary layer 

aerosols by a 99 % humidity martime aerosol (Shettle 

and Fenn, 1979), with no change in optical thickness. 

The asymmetry parameter and single scattering albedo 

were 0 .8196 and 0.9986 respectively. For such a per

turbation , Eq . (4) becomes 


~E =-21TEfdZ {a?2: - ~ f (2Q+1)1'/HHQ} 

Q= 0 (7) 

+21TE f dz {a: 2: - ~ f (2Q + 1) 1'/3 EtEQ } 
Q= 0 

where the superscript 1 indicates the second aerosol 
profile , and E is a parameter which varies between 0 
and I. Thus we see that , as well as the integral in Eq. 
(6), this perturbation requires the pre-computation of 
one additional integration. Final evaluation of ~E then 
reduces to one subtraction plus one multiplication. 
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Our second perturbation could be approached a little 
differently. Instead of the steady substitution just de
scribed, wherein the intennediate cases (i.e. 0 < E< 1) 
consist of a linear combination of two Henyey-Green
stein phase functions, we could equally easily choose 
a single Henyey-Greenstein phase function, but with a 
linearly interpolated g and wo, i.e. 

g =(1-E)go+Eg1 (8a) 

Wo = (1 - E) wg + EW& (8b) 

where the superscripts 0 and 1 denote base case (Table 
1), and substitute aerosol values. This type of perturba
tion is clearly more complicated than the previous one, 
as each ll.T/Q in Eq. (4) is perturbed differently. In fact, 

ll.17Q = o~ (wo gQ - wg (g0)Q) 
(9)

ll.wo ) ( ll.g )Q ]=[(1 + E wg 1 + € go - 1 T/g 

where ll.wo = w6 - wg and ll.g = g 1 - gO. 

Thus, remembering that ll.Ot is zero for this perturba
tion, Eq. (4) reduces to 

ll.E = - 7r f (22 + 1) fdz [( I + E ll.;o ) . 

Q=O 0 


(10) 

'(I+E~:Y-IJ 17S~HQ 
In this case, we have a series of integrals which must be 
combined to produce the fmal perturbation. For the 
perturbation considered here , ll.wo and ll.g are zero 
above the boundary layer, and constant within it, so 
that the tenn in square brackets may be removed 
from the integral, which is then truncated at 2km. 
This results in at least a conceptual Simplification, as 
the perturbation parameters are removed from the 
integration, as in Eqs. (6) and (7). Once the individual 
integrals in Eq. (IO) are available, they may be used to 
investigate the sensitivity of the desired effects to 
changes in the higher order Legendre coefficients, XQ 
(see below). 

All radiative transfer calculations were perfonned with 
the computer code ONEDANT (Gerst! and Zardecki, 
1985; O'Dell et al., 1982), using the computer facilities 
of the Los Alamos National Laboratory. An SN order 
of 32 was chosen, and the summation in Eq. (4) et 
seqq. was truncated at 2 = 9. 

As well as being used to produce the base case radiance, 
10 (for each of the 16 solar zenith angles), and adjoint 
radiance, I~ (for each of the 5 effects - fluxes at the 
top and bottom of the atmosphere , plus heating in 
three atmospheric layers), ONEDANT was used for the 
exact recalculations, against which the perturbation 

results are to be compared. In the case of the rescaling 
perturbation, recalculations were perfonned for values 
of the parameter, (j, which ranged from 0 to 3 in steps 
of 0.2. For t!1e exchange perturbation , E ranged from 0 
to 1 in steps of 0.1. An extraterrestial solar flux of 
l.867 kW m-2 pm- 1 was assumed throughout. 

3 	Case I: Fluxes with Vacuum Boundary 
Conditions 

The easiest case to treat is that of an atmosphere with 
vacuum boundary conditions: that is , no diffuse light 
incident from above, and a purely absorbing surface 
below. ll1e complicating effects of a reflective surface 
will be examined later. 

We will now examine our two perturbations in turn, 
starting with the rescaling - Eq. (6). In Table 2 we 
present the base case results , Eo, as well as the perturb
ation integrals , ll.E/«(j - 1), for both surface and top 
fluxes, and for 8 solar zenith angles. From these results, 
it is trivial to construct the perturbation approximation 
for all values of (j - Eq. (3) - as well as the Schwinger 
variational approximation [paper I, Eq. (8)]: 

EoE 	= 
S I + ll.E/Eo 	 (11) 

These two approximations will now be compared willi 
the results of exact recalculation (see above), for each 
of the two effects . 

In Figure 1, we present selected results for the surface 
flux , and in Figure 2, the top flux. The solid line rep
resents the "linear" perturbation - Eq. (3) - the 
dashed line the Schwinger variation - Eq. (II) - and 
the open circles the exact recalculation. (Remember 
that our base case corresponds to an aerosol loading of 
(j = 1.) The omitted results for other solar zenith angles 
may be interpolated using Table 2. For the case of the 

Table 2 Base case fluxes , and results for the rescaling pertur
ba tion . 

Solar 
zenith Surface flux Top flux 
angle 

00 Eo Ll.E/ (o - 1) Eo Ll.E/ (6 -1) 

4.24 1.6309 0.0931 1.7300 0.0517 
15.26 1.5689 0 .0944 1.6680 0.0529 
26.32 1.4385 0.0972 1.5378 0.0555 
37.39 1.2446 0.1010 1.3429 0.0592 
48.47 0 .9949 0.1039 1.0938 0.0629 
59.54 0.7021 0.1018 0.7988 0.0640 
70.62 0.3887 0.0826 0.4783 0.0537 
81.69 0.1100 0.0271 0.1769 0.0179 
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Figure 1 Net surface flux versus aerosol loading for a per
turbation involving aerosol rescaling . 
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Figure 2 Net Ilux at the top of the atmosphere versus aerosol 
loading ror a perturbation involving aerosol rescaling. 

Table 3 Surface fluxes (kW m-2Ilm- t ) for selected solar 

zenith angles , 80, and relative aerosol loadings. 

First row = exact recalculation; second row = linear per

turbation /exact; third row = Schwinger variation /exac t. 


80 0.0 
Relative aerosol loading, 6 

0.4 1.8 2.4 3.0 

4.24 1.724 
1.000 
1.003 

1.687 
1.000 
1.001 

1.555 
1.001 
1.003 

1.497 
1.003 
1.009 

1.440 
1.003 
1.017 

37.39 1.347 
0.999 
1.005 

1.306 
0.999 
1.002 

1.165 
0.999 
1.003 

1.l07 
0.996 
1.010 

1.052 
0.991 
1.018 

59.54 0.815 
0.987 
1.007 

0767 
0.995 
1.003 

0.628 
0.989 
1.002 

0.580 
0.966 
1.007 

0.538 
0.928 
1.011 

70.62 0.495 
0.952 
0.998 

0.446 
0.982 
1.000 

0.333 
0.970 
0.997 

0 .302 
0.904 
0.993 

0.277 
0.805 
0.986 

81.69 0.166 
0.825 
0.880 

0.134 
0.940 
0.963 

0.094 
0.936 
0.979 

0.086 
0.837 
0.953 

0.080 
0.700 
0.925 

surface flux, Table 3 contains selected results for 5 dif
ferent values of the aerosol loading, b. These results 
should assist the reader to appreciate the remarkable 
accuracy of our perturbation approximation, over this 
significant range of aerosol loadings (optical depths 
from 0.0 to nearly 1.0). 
It is clear from these tables and figures that our per
turbation approximation is remarkably accurate over a 
Significant range of aerosol rescaling. We may note that 
for small solar zenith angles (i.e. high sun), the linear 
approximation is the more accurate, whereas for large 
zenith angles, the Schwinger variation is more accurate. 
This can be understood, at least in part, by noting that 
the linear approximation must sooner or later reach a 
flux of zero, whereas the true results never will. We 
may note in passing that a linear combination such as 
cos2 (}o times the linear approximation plus sin 2 

(}o 

times the Schwinger variation would appear to be 
more generally accurate than either one or the other, 
although there can be no guarantee that such an ad hoc 
expression should have any legitimacy. 

In many climatological or agricultural studies, one is 
interested in the net surface flux integrated over a 
whole day. Figure 3 shows the results of such an in
tegration, for a series of latitudes, and with the sun 
above the equator. It is clear that in this case, the 
Schwinger variation is superior. We performed a se
cond set of in tegra tions with a solar declination of 
20"N. Results were quite similar to Figure 3, provided 
that the difference between latitude and deciination, 
rather than just latitude, is considered. 

The results for the exchange perturbation have not 
been presented in graphical form, for the simple reason 
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Figure 3 Integrated daily surface energy versus aerosol load
ing for a perturbation involving aerosol rescaling. 

that agreement between the approximation and the 
exact recalculation is so good that all points would 
appear to lie on the same line. Instead, in Table 4 we 
present the actual ~E, as determined by exact recal
culation, for the maximum perturbation (i .e. E =1), 
and for both surface and top fluxes. Beside these 
values, we present the ratio of the perturbation result 
_ Eq. (7) - over the exact result. 

Note that E = 1 corresponds to the complete substitu
tion of the original boundary layer aerosol (i.e. 50% 
humidity, rural), by the 99 % humidity maritime 
model. In this case , both Eq . (7) and Eq. (10) must 
give the same results. For intermediate values of E, 

the two will give slightly different answers, although 
these differences would be barely visible on a 4 figure 
listing. (Our exact recalculations were actually per
formed using a single Henyey-Greenstein phase func
tion, with a linearly interpolated g and wo)· Finally, 
we 	may note that, due to the small value of ~E/Eo, 
the Schwinger variation - Eq. (11) - gave very similar 
results to the linear perturbation - Eq. (3) - as the 
reader may easily check. 

The reader may at first feel that a few of the results 
in Table 4 - those for () 0 =81.69° for example - are 
less than satisfactory. However, it must be borne in 
mind that this Table lists only the value of ~E, not E. 

Table 4 Exact and approximate nux results for a perturbation 
involving an exchange of aerosol type 

Solar 
zenith 
angle , 

Surface nux 
- AE for € = I : 

Top nux 
- AE for € = I : 

00 exact Eq. (7) 
exact 

exact Eq. (7) 
exact 

4.24 0 .0435 1.044 0.0155 0.974 
15.26 0.0427 1.054 0.0151 0.980 
26.32 0.0432 1.046 0.0157 0.962 
37.39 0.0441 1.025 0.0168 0.946 
48.47 0.0433 1.009 0.0169 0.947 
59.54 0.0405 0.990 0.0163 0.920 
70.62 0.0314 0.949 0.0122 0.869 
81.69 0.0105 0.905 0.0030 0.767 

-- . _  -

Had we tabulated the exact E, and then the cor
responding perturbation ratio, the worst result would 
have been better than 0.99. 

4 	 Case II: The Contribution from Surface 
Reflection 

The extra contribution ariSing from a non-zero surface 
reflectivity adds a relatively minor complication, al
though it does need to be given due care . As is well 
known (e.g . Liou, 1980) the radiance distribution 
under such circumstances may be decomposed ac
cording to 

A 
I(z,~) = Iv(z,~) + Fv(O) 1 _ As Is(z,~) (12) 

where A is the surface albedo, Iv the vacuum boundary 
radiance, Fv(O) the corresponding surface flux, Is the 
vacuum boundary radiance produced by a plane source 
at the ground, and 

211 0 

S = f dcp fdp Ipl Is(O,~) (13) 

o -1 

A 	comparable expression may be written for I'" - see 
Section 4 of paper II. 


If these expressions are inserted into Eq. (3a) we ob

tain 


~E = (l~v ~LIov)+ C_AAS rFovF~v(l~s,~L1os)+ 

+ l_ 
A
AS {F~v(J~s,~LIov)+Fov(J~v,~LIos)} 

(14) 

When A = 0, all terms but the first vanish, leaving us 
with the situation of Section 3. 
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Figure 4 Surface reflec tivity contribution to the surface flux 
(A = 0 .8) versus aerosol loading for a perturba tion involving 
aeroso I rescaling. 

In the appendix, we derive an alternative expression, 
based on a somewhat different approach . 

We have compared both Eq. (14) and Eq . (A6) with 
the exact results for an albedo of 0.8. In Figure 4 , we 
present the surface contribution only (that is, the total 
flux minus the vacuum boundary flux) for the surface 
flux. The solid line represents Eq. (14), and the broken 
line Eq. (A6). Although the fractional errors are some
what larger than in Figure 2, the absolute errors are 
reasonable. Indeed the additional error contributed by 
surface reflection to our perturbation results is barely 
significant, even for an albedo as high as 0.8. For 
albedos in the vicinity of 0 .2 or less, their contribution 
is negligible. 

5 Sensitivity Studies 

We saw in Section 3 that there were two approaches 
to an exchange-type perturbation, namely a linear 
combination of two Henyey-Greenstein phase func
tions, or a single phase function with a linearly inter
polated g and Wo. For the example we investigated, 
the differences in ~E were negligible. 

Many workers in this field make use of the Henyey
Greenstein (1941) phase function model, rather than 

a more exact aerosol size distribution and scattering 
phase function (see for example, Shettle and Fenn, 
1979). A natural question which one may want to 
raise is just how sensitive are the final resul ts to the 
higher order components in the phase function ex
pansion . Our perturbation theory is the ideal tool to 
answer that question . 

The multilayered atmospheric model used so far in 
this work could have also been used for these investi
gations, too. However, the presence of so many dif
ferent components would only obscure the effects 
of the particular component under study. Instead, 
we have constructed an artificial atmosphere con
sisting of scattering aerosols only. An optical depth 
of 0.5, and a g of 0.7 were selected, and an external 
flux of IT units assumed. 

This atmosphere was then perturbed by selectively 
setting a particular 77Q coefficient to zero. Although 
this resulted in a phase function which was some
times negative , and negative radiances exiting the 
atmosphere in certain directions, the surface fluxes 
varied only modestly . Since it is the effect we are 
ultimately interested in, not the details of 1 or 1+ , 
these unphysical aspects need not concern us . TIlis 
is entirely within the spirit of perturbation theory : 
the errors in ~I and ~I+ largely cancel out. 

In Table 5 we list the base case surface flux , Eo, and 
the new surface fluxes obtained by setting, in turn, 
the first 5 coefficients of the Legendre expansion 
to zero. Both the exact recalculation, and the per
turbation prediction (divided by the exact result), 
are shown for 4 solar zenith angles. 

Let us consider first the cases where coefficients 2 
and 4 are set to zero . It is immediately seen that, 
firstly the change in E is very small, and secondly 
that perturbation agrees with exact recalculation 
very well. Since P2(iJ) and P4 (iJ) are symmetric about 
iJ =0, it is hardly surprising that these two perturba
tions have a minimal effect. (The difference between 
an isotropic, and a Rayleigh phase function can be ap
preciated from these results.) Clearly it is the odd coef
ficients which are going to be most significant (Wis
combe and Grams, 1976). 

Turning next to coefficient 5, we see that the perturba
tion involved in setting it to zero is less than 1 %, so we 
may safely assume that the same may be said for all 
higher tenns . This result may be used to select the 
truncation for the infinite summation in Eq. (4) et 
seqq. (We have truncated at Q=9.) 

Setting coefficient 1 to zero is clearly a drastic per
turbation, as 771 =g! This result is of interest, however, 
in showing the accuracy of our perturbation theory 
for such a large exchange-type perturbation. In fact, 
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Table 5 	 Surface fluxes (arbitrary units) with various phase fUllction coeffi cient s set to zero. 
First row = exact; second row = perturbation / exact 

Expansion coefficient set to zero : 
00 Eo 

2 3 4 5 

4.24 2.9847 2.4304 2.9809 3.0876 2.9865 2.9583 
0.9479 1.0001 1.0043 1.0000 0.9994 

26 .32 2.6507 2.1584 2.6476 2.6961 2.6511 2.6524 
0.9479 1.0000 1.0022 1.0000 1.0000 

54.00 1.6171 1.3168 1.6172 1.5792 1.6161 1.6196 
0.9478 1.0000 0.9970 1.0000 1.000 I 

76 .16 0.4909 0.3998 0 .4974 0.4687 0.4920 0.4853 
0.9477 1.0008 0.9940 1.0000 0.9992 

had we used the Schwinger variation, rather than 
the linear perturbation, we would have obtained re
markable agreement with the exact recalculation, as 
the reader may easily check . (LlE may easily be found 
by subtracting the perturbation result from Eo.) 

Finally we come to coefficient 3. This is clearly the 
most significant coefficient to consider, when com
paring model phase functions with "real" phase func
tions , although even for a perturbation as drastic as 
setting it to zero, the change in Eo is only of the order 
of 5% in this case . (For different values of g and T this 
may increase or decrease.) Again we see that perturba
tion theory gives good agreement. Note that the 
Schwinger variation is of no use to us in those cases 
where the new effect is larger than Eo, because this 
implies a negative LlE - see Eq. (3) - and hence the 
Schwinger result will be even worse than the linear. 

6 Perturbation Theory for Heating Rates 

Equation (3) is not correct if the atmospheric perturba
tion involves changes in the response function, R, or 
the source , Q. For shortwave radiation, the source Q 
is the extraterrestrial solar beam, which is clearly un
affected by any atmospheric changes. Similarly , the 
response function for fluxes is also unchanged (paper 
I). 

In the case of layer heating rates, however, the response 
function is given by (paper I) 

gOa (z)

R = -C U(z-zd U(Z2 -z)
Ll (6) 

P p 

where g is the acceleration due to gravity, 0a (z) the ab
sorption cross section, Cp the specific heat of air at 
constant pressure, Llp the layer pressure thickness , U 
the step function, and Zl and Z2 are the layer bound
aries . If the atmospheric perturbation involves changes 
to oa (z) within the layer of interest, then clearly R also 
changes , and Eq . (3) is no longer adequate . 

We now derive the correct version of the perturbation 
equation , as follows: 

E = (R, I) = (R, 10 + Lll) 

= (R , 10> + (L+I+, Lll) 
(15) 

= (R, 110> + W, LLlJ) 

= (R, 10> - W, LlLIo> 

In the above derivation, we have used the definition of 
the adjoint, L + (paper I), as well as the result (paper II) 

LlL 10 + LLlI = 0 

Equation (7) may be further manipulated to produce a 
result which is apparently related to Eq . (3) . However, 
it is not, and the reason is that 

Eo = ( R o , 10> 

which is not the same as the first term of Eq. (15), due 

to the perturbation in R. 


In the case of a flux effect, then R = Ro , and the spirit 

of perturbation requires that we replace 1+ by I~ in 

Eq. (IS), reducing it to our standard perturbation in

tegral. The case of heating rates is different, and both 

terms in Eq. (15) require a more careful examination. 

The first term is straight forward , as both R and 10 are 

known functions. 


In the second term, we resist the temptation to simply 

replace 1+ by I~ . Our perturbation will actually in

fluence 1+ in two ways . As well as the change in L+, 

there will also be the change in R, the adjoint source . 

In fact, if we could change R without changing L+, 1+ 

would simply scale with R. Even with changes in L+ , 

1+ may still be considered to scale in R, and that is the 

assumption we shall make here . That is to say, we shall 

replace I + by IR' where IR is simply I~ rescaled . For 

example, if our perturbation may be characterized by 


0a (z) =0: o~ (z) 

then 

IR = 0: I~ (16) 
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If the scaling is not uniform with altitude (for example 
if 0a has both a molecular and a particulate component 
with different altitude proftles), then we average both 
0a and o~ over the layer to fmd the scale factor 0:. 

Note that although the first term in Eq. (15) may al
ways be evaluated exactly, we have found it more ap
propriate to use the same scaling approach here, too, 
in which case we have 

(R, 10> = 0: (Ro, 10> = 0: Eo 	 (17) 

With these assumptions, and approximations, we may 
now rewrite Eq. (15) in perturbation form as 

E 2" (R, 10> - <I~, ~L 10> = o:(Eo - ~E) (18) 

Equation (18) is exactly the same as we employed in 
the case of fluxes, except for the scale factor, a. 

We shall also require the Schwinger variational form 
of the perturbation (paper II; Gerstl and Stacey, 1973). 
Adapting the notation of Gerstl and Stacey (1973) we 
work with a functional 

F[I,r+] =(R,DW,Q> 
0+, LI> 

We now make approximations 1-+ 10 , and 1+ -+ If{ = 
0: I~ , whence 

(R, 10>0~, Q>
F [I, J+] 2" 	-~-~


<I~, (Lo + ~L) 10> 

2

0: (Ro , Io)(I~, Q> 

aO~, Q> + o:(I~, ~L 10> 

(Ro,lo> 
=o: ~-----

1 + (!~, ~LIo> / (I~ Q> 
i.e. 

Eo 
E=o: 	 (19)

- 1 + ~E/Eo 

Again we see that the "standard resul t" is simply multi
plied by the scale factor 0:, and that Eqs. (18) and (19) 
agree to lowest order, as they should. 

7 Results 

Source Scaling Factors 

In this paper, we shall be examining the heating rates 
in the three layers of our atmospheric model, as de
fmed in Table 1 (the layer above 35 km has been treated 
as part of the stratospheric layer). The response func
tions for these effects - and hence the adjoint sources 
- are given by Eq. (32) of paper I, with z\ and Z2 set 
consecutively at 0 and 2 km, 2 and 9 km, and 9 and 
70 km, respectively. 

We shall investigate exactly the same two perturbation 
types as we did for fluxes, and it is appropriate to first
ly examine the relevant source scaling factors, 0:. In the 
case of the rescaling perturbation - see Eq . (6) above 
- 0: is a linear function of the rescaling parameter , O. 

0: = (0 - 1) 0:0 + 1 	 (29a) 

where 0:0 is a constant for each layer. (In fact it is the 
ratio of the aerosol absorption optical thickness to the 
total absorption optical thickness for the layer in 
question.) For the exchange perturbation - Eq. (7) 
0: is again a linear function of the exchange parameter , 
E: 

a = E0:0 + 1 	 (29b) 

where this time the constants 0:0 are given by 

0:	 = T 32 - Tal 

0 
 Tal 

where Tal and T a2 are the total layer absorption opti
cal thicknesses of profiles 1 and 2, respectively. 

In Table 6 we list the 6 values of 0:0: 3 layers by 2 
perturbation types. For the rescaling perturbation, 
0:0 is zero in the stratosphere, as there is negligible 
aerosol absorption there. For the exchange perturba
tion, only the boundary layer ao is non-zero, because 
this perturbation affects only the boundary layer 
aerosols. 

Table 6 Source recaling factors, "'0 

Layer Range Rescaling Exchange 

boundary layer 0-2 km 0.9594 - 0.9363 
troposphere 2-9 km 0.7250 0.0 
stratosphere 9-70km 0.0 0.0 

Rescaling Perturbation 

Figures 5 to 7 present the results for the heating rate 
in our three layers, for the case of no ground reflec
tion . The solid line corresponds to Eq. (18), and the 
dashed line to Eq. (19). The exact results are indicated 
by the circles. The first point to note is that Eq . (18) 
the "linear" perturbation - leads to a parabolic line, 
a consequence of the fact that both ~E and 0: are linear 
functions of the aerosol loading. (The same result oc
curs in the exchange perturbation as well, of course.) 

In the case of the boundary layer, we see that for the 
larger solar zenith angles, Eq. (18) falls well below the 
true values, and may even become negative, which is 
clearly unphysical. It is straightforward to show, how
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Figure 5 Boundary layer heating rate versus atlrosol loading 
for a perturbation involving aerosol rescaling. 
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Figure 6 Tropospheric heating rate versus aerosol loading for 
a perturbation involving aerosol resca ling. 
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ever, that in the large 0 limit, the Schwinger form -
Eq. (19) - tends to a positive constant. lt is hardly 
surprising, therefore, that this form proves to be much 
the more accurate. 

The results for heating in the troposphere (2 to 9 km) 
are again highly accurate in most cases. However, the 
stratospheric results are somewhat disappointing. This 
is partly due to the enlarged scale of Figure 7, which 
magnifies the apparent discrepancies, and partly, we 
suspect, to the more important role played by ozone 
absorption in this layer. 

In Figure 8 we show the boundary layer heating in
tegrated over a day, for a series of latitudes (and the 
sun above the equator). We see that for small solar 
zenith angles, the linear form is remarkably accurate, 
while for larger zenith angles, it is the Schwinger form 
which is best. This result echos our conclusion in Sec
tion 3 concerning flux calculations. 

We have also examined the surface reflection contri
bution to the heating rates in all three atmospheric 
layers. Again our results, which we shall not present 
here , show that this component may be included with 
no loss of accuracy. 

Exchange Perturbation 

In the case of aerosol proftle exchange, our perturba
tion theory again proved exceptionally accurate, so 
that no graphical results will be presented. Since this 
perturbation affects only the boundary layer aerosols, 
the changes in heating in the troposphere and strato
sphere are both very small, and well accounted for by 
our theory. 
The heating rate in the boundary layer, however, 
changed dramatically, as we replaced a moderately 
absorbing aerosol with an almost non-absorbing one. 
Results for zero surface albedo are presented in Table 
7. This Table shows the base case results, bE, and the 
exact and perturbation results for full exchange (i.e. 
E :;= 1). Note that the effect of bE is actually quite 
small, and it is a (which equals 0.0637) which is res
ponsible for the large change in the heating rate. The 
small size of bE/Eo also means that the Schwinger 
result is virtually indistinguishable from the linear, so 
it has not been included. Results for the surface albedo 
contribution are just as impressive. 

8 Discussion 

In this paper, we first used our perturbation technique 
to compute fluxes for two quite different types of 
perturbation, namely exchange (or replacement), and 
rescaling. Perhaps the first observation to be made is 
that, for a particular type of perturbation, the accuracy 

Table 7 Exact and approximate boundary layer heating re
sults for a perturbation involving an exchange of aerosol type. 

Solar Base Perturbation
Zenith case , ~E exact exact
Angle Eo 

4 .24 10.080 0.087 0.646 0.986 
15.26 10.040 0.179 0.636 0.987 
26.32 9.972 0.189 0.630 0.989 
37.39 9.830 0.084 0.629 0.987 
48.47 9.478 0.030 0.611 0.985 
59.54 8.685 - 0.064 0.566 0.984 
70.62 6.844 - 0.341 0.469 0.977 
81.69 2.676 - 0.258 0.196 0.954 

obtained for the two fluxes was quite similar. We there
fore feel confident in concluding that comparable ac
curacy would have been obtained for the flux at any 
level in the atmosphere. The accuracy will, of course, 
depend on both the type and magnitude of the par
ticular perturb ation, and we will consider these now. 

Consider first the exchange perturbation. No graphical 
results have been presented for this case, as it would 
be all but impossible to separate the true results from 
those produced by our perturbation approximation. 
From Tables 2 and 4 we also note that this perturba
tion produced comparatively little change in the two 
fluxes, at least for small to medium solar zenith angles . 
This, of course, is as expected. 

An exchange perturbation is one in which the phase 
function and single scattering albedo may change, but 
the optical thickness remains fixed. This type of 
perturbation may be characterised by the changes in 
the Legendre expansion coefficients of the scattering 
function. In Section 5 we pursued this idea more ex
plicitly, by varying these coefficients individually. 
Again we saw that in most cases our perturbation ap
proximation gave very good results, with the Schwinger 
variational form being even more accurate in many 
cases. 

As a result of these studies, we feel confident that our 
perturbation technique is ideally suited to handling 
any exchange type perturbation. In fact, a base model 
atmosphere . which scatters isotropically may well prove 
a sufficient starting point, although we have not, as 
yet, carried out such an exercise. Certainly the results 
of Table 5 show quite clearly that provided 171 (i.e. g) 
is approximately correct, perturbation theory will 
cover all related cases with more than acceptable ac
curacy. 

The rescaling perturbation is potentially open ended, 
so we cannot expect the same degree of accuracy as 
was the case with the exchange perturbation. Neverthe
less, our results in Section 3 (Figures 1- 3, Table 3) 



210 M. A. Box et al. Beitr. Phys. Atmosph. 

clearly show that our technique has proven itself re
markably accurate over a significant range of aerosol 
loadings. The linear form gave high precision for re
scatings by a factor of 2, up or down, while in most 
cases the Schwinger variational form extended this ac
curacy to even larger rescaling. 

The results in Section 4 for the surface reflection con
tribution were not quite as encouraging as those in 
Section 3. However, one is rarely interested in just this 
component of any radiative effect, but rather in the 
total picture. In view of the comparatively small con
tribution normally made by surface reflection, we can 
see that in most cases the accuracy of our perturbation 
technique is not impaired by a non-zero surface albedo. 
Only in the case of the largest of surface albedos (such 
as over fresh snow) might a slight reduction in accuracy 
be noticed. 

As a result of these investigations, we feel we may 
claim with considerable confidence that our perturba
tion technique can provide sufficient accuracy over the 
normal range of aerosol levels for all but the most ex
treme of atmospheric conditions. Thus, if a base model 
atmosphere with an aerosol optical thickness of, say, 
0.2 to 0.3 is employed, perturbation theory may be 
used to scale this down at least as far as 0.1, and up at 
least as far as 0.5. Should both greater accuracy, and a 
wider aerosol range be required, then it would be rela
tively straight forward to compute two different base 
models, with aerosol optical thicknesses of, say, 0.1 
and 0.4. 

The most general perturbation would consist of both 
an exchange of aerosol type, and a rescaling of aerosol 
loading. From the results presented in this paper, we 
feel confident in predicting that our perturbation 
technique can comfortably handle such a change, with 
an accuracy essentially as high as for the rescaling 
perturbation already considered . 

In Section 7, we have investigated the heating rate 
variations in three atmospheric layers, as a result of 
our two basic perturbations. Our resul ts indicate that 
the accuracy ot our perturbation technique in com
puting this effect is quite comparable to the accuracy 
with which it computed fluxes in Section 3. In partic
ular, the accuracy with which we are able to handle 
exchange-type perturbations is again gratifying. 

For the rescaling perturbation, the Schwinger form 
clearly allows us to rescale by a factor 2, either way, 
with only a slight reduction of accuracy in the stra
tosphere. The daily integrated results are even more 
accurate. TIlis may be fortuitious, although a similar 
result for fluxes (Section 3) strongly suggests that it 
is not. 

TIle results presented in this paper clearly indicate 
that our perturbation technique is highly accurate 
when it comes to computing the change in radiative 
effects as a result of an exchange-type perturbation 
of the atmospheric model. We have also shown that 
our technique is surprisingly accurate for a rescaling
type perturbation, at least in the optically thin re
gime we have explored so far. We therefore are well 
confident in echoing our early conclusion that our 
perturbation technique can provide sufficient accura
cy over the normal range of aerosol levels, in the 
computation of any desired radiative effect. 

Whether such conclusions are also justified in higher 
optical thickness media, such as clouds, remains to be 
seen. However, we do feel confident that our techni· 
que will still be able to handle an exchange perturba
tion , and that a reasonable range of rescaling should 
also be acceptable, especially if the Schwinger form is 
employed. 

Appendix 

In this appendix, we derive an alternative expression 
for the contribution from surface reflection. We start 
by noting that Foy and So are both effects (see Eq. 
(21) of paper II), and may be written 

Foy = (lOY, Rs> 

So = (los, Rs> 

where 

Rs = -Ilo(z) 

is the surface flux response function. Thus, each may 
be subject to our perturbation : 

Fy =FOy-(l~s,LlLloy> (AI) 

and 

S = So - (I~s' LlL los> (A2) 

Also 

(R, Is> = (R, los> - (I~y, LlL los> (A3) 

and 

(R, los> = (l~y, Rs> = F~y (A4) 

Now we note that 

E = (R, I> = Ev + Fy I _ 
A

As (R, Is> (AS) 

with a similar expression for Eo. If we now substitute 
Equations (AI)-(A4) into Eq. (AS), and subtract Eo, 
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we obtain 

~E2 = O~v, ~L lov> + Fov l_
A
AS F~v (A6) 

o 

[Fov - <I~, ~L 10V> 1[F~v - O~v, ~L los> 1 - A :........::~---'=-_---"-'~:........::'-'------'::..:..c...._---"'=-::. 


1 - A [so - (I~s' ~L los> 1 
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