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Abstract 

Despite the development of ever faskr computers, the desire to tackle more realistic radiation problems 
continues to place a high premium on the computational efficiency of radiative transfer codes. This is 
particularly true in climate/weather modelling, where the need is for reasonable accuracy combined 
with ultra high speeds. In this paper, we present a perturbation theory approach to the calculation of 
radiative effects such as fluxes and heating rates. This approach, which has proved quite successful in 
the neutron transport context, is based on the adjoint formulation of radiative transfer, outlined by 
us in a previous publication. In our investigation of the utility of this theory (to be prese nted in sub
sequent papers), we have found it to be extremely fast and surprisingly accurate. 

Zusammenfassung 

Berechnung von atmospharischen Strahlungserrekten mittels der Storungstheorie 

Trotz immer schncllerer Rcehner ist dcr Wunsch, rea li stische Strahlungsprobleme ZlI losc n, noch mit 
hohen Anforderungen an die Fffizienz von Strahlungstransportprogrammen verbunden. Dies gilt beson
ders fur die Modellie rung des Welte rs und des Klimas, bei welcher eine angcmessene Genauigkcit, gepaart 
mit grol.\e r Rechengeschwindigkeit, unerlii!.llich is!. Wir stellen in diesem Beitrag ein Verfahren der 
Storllngsthcorie zur Ikrechnung von Strahlungswirkungen wie 1,' ltisse und Lrwarmllngsraten VOT. Diese 
in der Neutronentransporttheorie bewiihrk Methode ful~t auf der Formulierung der Strahlungstibcr
tragung in adjungierter Operatorform, wie sie in einer frUh crcn Veroffentlichung von uns lImrissen 
wurde. In unserer (in spateren Arbeiten darzulcgenden) Nutl.lichtkeitsunterslIchung dic se r Theorie 
fandcn wir, cla!.1 sic iiul.\crst schnell und uberraschend genau ist. 

1 Introduction 	 and Deepak, 1979; 1981) have treated aerosol scatter
ing as a perturbation to a pure Rayleigh atmosphere

Accurate solutions of the radiative transfer equation 
(for fixed optical thickness). McPeters and Green 

have always been time-consuming to obtain in a 
(1976) had less success when they treated the aerosols 

realistic , vertically-inhomogeneous scattering and as an addition to a Rayleigh atmosphere, rather than 
absorbing atmosphere. Although this problem has a (partial) substitution. Fymat and Abhyankar (1969 , 
eased with the advent of larger and faster computers, 1970) treated variations in single-scattering albedo as 
this has usually been offset by the desire to attack a perturbation. (See also Lenoble (1985), and ad
ever more complex (and more realistic) radiation ditional references therein.)
problems. Consequently any new short cut is usually 

Despite the varying degrees of success of these ap
carefully evaluated, with the hope of either reducing 

proaches , illl are essentially ad hoc , and largely re
overall computation times , or of permitting the in

stricted to the original problem for which they were
clusion of addi tion "Real Physics" . 

proposed. In contrast, the perturbation technique out
One group of short cu ts may be classified under the lined in this paper is completely rigorous and widely 
rather loose heading of perturbation techniques. If applicable, having enjoyed considerable success in the 
one is able to solve the radiative transfer equation for field of neutron transport theory (see for example 
a certain model atmosphere, one may hope to obtain Bell and Glasstone (1970), Gerst! and Stacey (1973), 
the solutions for similar atmospheres as a perturbation and Bartine et a!. (i 974), and references therein). 
on the previous results. Thus, a number of workers Application to atmospheric radiation problems was 
(Sekera, 1956~ Deirmendjian, 1957; 1959; 1970; Box suggested by Gerstl (1980). 
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2 Perturbation of Radiative Effects 

Perturbation theory has found widespread application 
in mathematical physics, most specifically in connec
tion with the Sturm-Liouville problem (Courant and 
Hilbert , 1953 ; Sagan, 1961; Arfken, 1970). One signi
fleant feature of this application is the fact that, while 
the approximation to the eigenfunction may only be 
"reasonable", the approximation to the eigenvalue is 
invariably significantly better. This is the major reason 
for its success in quantum mechanics (Landshoff and 
Metherell, 1979), where it is the eigenvalues which 
one is able to measure (tile observables). 

This suggests that in atmospheric radiation, we might 
have considerably more success if we use perturbation 
theory to estimate radiative effects , such as fluxes 
and heating rates, rather than the entire radiance field, 
I (,!J g). This we shall do, following the notation of 
Box et al . (1988) which we shall refer to as paper A 
(for adjoint) . 

Before actually stating our problem, there is one 
further consideration we must address . In Sturm
Liouville theory , as in quantum mechanics , the opera
tors we are dealing with (usually differential operators , 
such as the Hamiltonian) are self-adjoint (or Hermi
tian, if we allow for complex eigenfunctions) . The 
transport operator , as shown in paper A, is clearly not 
self-adjoint. As a consequence , it will be necessary in 
our application of perturbation theory to incorporate 

adjoint radiances, as well as normal (forward) radiances 

(see paper A). 

Let us suppose, now, that we have been able to solve 
the radiative transfer equation , and the adjoint equation , 
for a particular atmospheric model. Since such a model 
is characterized by the functions at (z), as (z) and 
P(z, n . n/) (see paper A) , we see that to each 
atm07ph~ic model corresponds both a transfer opera
tor, L, and an adjOint operator, L+ (and vice versa). 

Let the operators corresponding to our "base" atmos
pheric model be denoted by Lo and L;. with cor
responding radiance functions 10 and I;. Then the 
problem we have solved corresponds to the two 

equations 

Lola =Q ( la) 

and 

L;I;=R. (I b) 

where Q is the source , and R the response function. 
for the problem in question . For relevant notation, 

please see Appendix I . 

Now suppose we are interested in determining the 
same effect for the same source, but for a different 
atmospheric model. That is , we seek the solution to 

either of the equations 

LI =Q (2a) 

or 

(2b) 

after which we may determine the radiative effect of 
interest from 

E =(R, J) =(1+. Q). (3) 

We now pose the question: can we find a relation 
between E, Eo , Land Lo, where 

Eo =(R, 10 ) =(I;, Q) ? (4) 

The answer is yes : 

E = Eo -(I; , ~L1o ) + ( ~l+ , L~J) (5) 

where 

~L =L - Lo (6a) 

~I = I - 10 (6b) 

~I+ = [+ - I; . (6c) 

Equation (5) , which is exact, has been derived (in the 
neutron transport context) 4 different ways, by Gerstl 
and Stacey (1973), where additional original references 
may be found. In Appendix 2 we give a slightly modi
fied version of one of these derivations . 

The final term in Eq. (5) contains both ~[ and ~I+ , 
neither of which is known. (Lf either were known, 
then we could immediately find lor 1+ , and substitute 
directly into Eq. (3).) However , if the perturbation can 
be considered as somehow "small" , then both ~I and 
~I+ will most probably be small , so that this term will 
be second order in smallness . Therefore, as an approxi
mation, we neglect this term, leaving the first order 

perturba tion approximation to E: 

E=""Eo-(];,~Llo )· (7) 

In their summary paper , Gerstl and Stacey (1973) 
actually present a fifth derivation of perturbation , 
which leads to a somewhat different result. Using the 
Schwinger variational principle (Levine and Schwinger , 
1949) , they obtain (FranCis et aI., 1959) the approxi 

mation 

Eo 
E ="" + . (8)

1+ (]o , ~L1o)/Eo 

This result agrees with Eq. (7) if we expand the deno
minator in a Taylor series , and assume that all higher 
order terms may be neglected . Thus for small pertur
bations, Eqs . (7) and (8) should give almost identical 
results. However, for larger perturbations, the two will 
start to diverge , and we can think of no a priori reason 
why either should necessarily be preferred. 
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3 The Perturbation Integral 

Form of the Integral 

Whether one prefers to use the linear - Eq. (7) - or 
the Schwinger - Eq. (8) - form, the key step is the 
evaluation of the perturbation integral 

~E =(Ii;, ~L 10 ) . (9) 

Note that this term is strongly reminiscent of the 
expression for the first order correction to quantum 
mechanical energy levels, in the presence of a perturb
ing Hamiltonian, ~H (see, for example, Eq. (7.7) of 
Landshoff and Metherell (1979». 

In order to evaluate Eq. (9), we must first under· 
stand the details of ~L. From Eq. (3) of paper A, 
we have 

Lo = /1 ~ + a?(z) - a~(z) Sdg/pO(z , g' .mol 
az (10)

411 

Let us now expand pO as a series in Legendre poly· 
nomials (McKellar and Box , 1981) 

.pO(Z,g/·g)= L
00 

(2Q+l)x~(z)PQ (g/·g)(41T , 
2 =0 (1Ia) 

and define 

(I I b) 

Inserting (1Ia) and (lIb) in (10) , and using the addi· 
tion theorem for Legendre polynomials (Liou, 1980) , 
we obtain 

1 21T 00 

Lo = /1 aa + a?(z) - Sd/1' S z 
Q=O

-I 0 

where 0··lJ is the Kronecker delta , and pmQ the associated 
Legendre function (Arfken , 1970). A similar expres· 
sion may be written for L, but with the omiSSIon of 
the superscripts on at and 1]2· 
Hence 

I 211 00 

~L=~at(z)- Sd/1' S dl/>' Q~O (2Q+I)~1]Q(z)/41T 
- I 0 (12) 

~ (Q - m)! m I ( ')

L, (2 -Oo,m\Q + m)! Pf(/1)PQC/l )cosm 1/>-1/> 0 

m=O 

1The notation is used to indicate that the final term is an0 

integral operator , not merely a definite integral. 

where 

~ at (z) =at (z) - a?(z) 

~ 1]2 (z) = 1]2 (z) -1]g(z). 

Note, in particular, that ~L does not contain the 
derivative term (and hence ~L+ = ~L), and so is only 
an integral operator. This very fortunate result would 
not have occurred had we employed the more standard 
meteorological approach of using optical depth as the 
vertical coordinate, as the two model atmospheres may 
well have different optical thicknesses. 
Inserting Eq. (I 2) in Eq. (9) gives finally 

1 211 

~E = JdZ J d/1 J dl/>Ii;(z,g) {~at(z)Io(z,m-
-I o 

I 211 

Sd/1' SdI/>/PfC/l)Pf(/1/)cosm(I/>-I/>/)lo(z , g/)}. 

-I 0 (13) 

If the effect of interest is a wavelength-integrated 
effect, then Eq. (13) will contain an additional inte· 
gration over wavelength . 

Reduction for Azimuth·lndependent Effects 

Many of the effects one is likely to be interested in, 
such as fluxes and heating rates, possess response 
functions, R (see paper A) , which are independent 
of azimuth angle, 1/>. Since R is the source function 
for the adjoint radiance , 1+ (see Eq . (I b» , this will 
produce an 1+ which is also azimuth independent. 
Let us now assume that this is the case, and consider 
its effects in Eq. (13). 

After some straight forward manipulations we obtain 

~E=21T fdz(~at(Z):::(Z)-

-t I (2Q + 1)~1]Q (zH~(ZHQ(Z») (14) 
2=0 

where 

lu(z,/1) = (21Tr 1 f
211 

lo(z,/1 , I/»dl/> 


o 

1 

(I5a)~ Q (Z)= f d/11 o(z,/1)P2(/1) 

-I 
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1 

~;(z)= f dpl+(z,p)PQ(p) (ISb) 

- 1 

1 

::: (z) = f dpl~ (z, p) 10 (z, p). (J Sc) 

An additional integration over wavelength may be 
included if so desired . 

The parameters to at (z) and to17Q (z) cover any desired 
atmospheric perturbation . The operational procedure 
may now be outlined . Firstly , compu te 10 for the 
source, or sources , and I~ for the effect , or effects , 
desired. From these , Eo (or a series of E~s) can be 
obtained via Eq . (4) . (Compu ting Eo both ways acts 
as a useful check on 10 and I~ . ) Secondly, compu te 
the various moments , ~ Q ' ~; and :::. These results 
should then be stored , as they may be used later with 
any desired perturbations , as indicated by Eq . (14) . 
(The infinite summation over Q will obviously require 
a sui table trunca tion .) 

4 Typical Applications 

In a follow-up paper , we shall present a detailed 
numerical study of the accuracy of perturbation 
theory for the calculation of both fluxes and heating 
rates . In this section , we look at the sort of applica
tion one might find suitable for perturbation theory , 
and indicate how careful preplanning can greatly 
improve computational efficiency . This can be vital , 
in those cases where radiative effects are being com
puted as one aspect of a much larger effort, such as 
a weather or climate model. 

Sensitivity Analysis 

An important question in a radiation calculation is 
the sensitivity of the result - the effect - to changes 
in the various input parameters. One example is 
sensitivity with respect to variation of the higher 
momen ts of the phase function - Eq. (11 a). Clearly, 
the infinite summation requires truncation . Also , 
the Henyey-Greenstein phase function (Henyey and 
Greenstein, 1941) is often employed instead of the 
more realistic Mie phase functions . What then , is 
the effect of changing (or outright deleting) the higher 
moments , Xli ' of the phase function ? 

This question can be answered very easily if we simply 
define 

toL = - (2Q + 1)172/41T 

for suitable Q. The sensitivity of the particular radiative 

effect to changes in this moment may then be defined 
by 

S=toE/Eo, (16) 

where toE is ev.aluated via Eq . (14) using the above toL, 
and would be the change in E if this parameter were 
changed to zero. 

Changes in Ozone 

We shall assume the effect of interest to be wavelength
integrated, and thus must specify the ozone absorption 
cross-section as o~ (z , A) . Firstly , we consider the 
simplest case of a total re-scaling of the ozone profile , 
so that the new profile is given by (0 is a parameter) 

Oa (z , A) = (I + 0) o~(z, A) 


toOt = tooa = 0 o~(z , A) 


toE= 2 1T0 JdAf dzo~(z , A) :::(z,A) . (l7a) 

This double integral may be pre-computed , leaving a 

single multiplication when required . 


I f we are to also permi t a change of ozone profile, 

then , without loss of generality, we may always write 


toOt = tooa = ¢t(Z)¢.(A). 

Although ¢t is variable , ¢. is fixed , so we may write 

toE= 2 1T fdZ¢t(z) f dA ¢.(A):::(z , A) . (17b ) 

The A integral , though not the z integral , may be pre
computed. Of course, for the vast majority of effects , 
changes in ozone profile will prove irrelevant, so that 
the simpler form of Eq. (17a) will suffice. 

Aerosol Changes 

The simplest change to consider is again are-scaling 
i.e. , a change of total loading . Thus we may write 

Os(z , A) = (I + 0) o~(z , A) 

to17(Z , A) = 017~ (Z , A) 

and 

to0t(Z , A) =8o?a(z , A), 

where o?a is the total aerosol cross section . Thus we 
find 

toE =2 1TO fdA JdZ{O?a::: 

(18) 

Again , this double integral may be pre-computed. 

Changes in aerosol profile may be handled in an 
analogous manner to changes in ozone profile. 

• 
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A change in single-scattering albedo may be easily 
handled: 

Wo = (I + <5)wg 


~1) = <5 1)~ 


~E=-1TO fdAfdZ L (2Q+ 1)1)~~;~Q (19) 
Q 

which may be pre-compared. 


A change in aerosol phase function may be handled 

similarly, although this case is more complex, as each 

~1)Q may be independent. Thus , the integrals in Eq. 

(19) may be performed, but not the summation over Q. 

One way around this complexity is to opt for a suitable 
set of standard models, designed for continental, 
maritime, urban, volcanic etc. conditions (Gerber and 
Deepak, 1984). If we designate one of these (say 
continental) as our base model, or model 0 , and the 
others as models 1, 2 etc., we may then compute a 
series of integrals 

~Ei =21T fdA Sdz {a: Z 

-t I (2Q+ 1)1)~~;~Q } (20) 
Q 

one for each model. Any perturbation may be con
sidered as a (partial) substitution of model 0 by one 
or more of the alternate models. Thus, in general, we 
will have 

(21 ) 

Scaling Group Theory 

In a recent paper, McKellar and Box (1981) showed 
that the radiance field (and hence any radiative effect) 
is unchanged whenever the optical thickness and the 
phase function expansion coefficients are transformed 
within a so-called scaling group, so as to preserve the 
set of quan ti ties 

eQ =h Qi=(2Q+ 1)(I - woXQ)i. 

These parameters will certainly be preserved if we 
also preserve 

e~ =(I - Wo XQ) at (z). 

That is to say, we require 

~e~ = ~at - ~1)Q = O. 

Substituting in Eq. (16) we see that this implies 

~ 00 

~E=21T Jdz~adZ(z)-~ I (2Q+ 1)~;(zHQ(z)} 
Q=O 

=21T fdz~adZ(z) - Z(z)}=o, 

where we have used the (generalized) Parseval equality 
(Sagan, 1961). Thus we see that if the perturbation 
belongs to the scaling group, there will be no change 

in the effect. 

Scattering in a Spectral Line 

In spectral regions such as the near infrared water 
vapour bands, both scattering and absorption are 
important. In the narrow range of a line, or group of 

lines, the scattering properties may be assumed con
stant, so tha t the only change is in the total cross 
section, at. This leads to a relatively simple perturba
tion , leading to an expression similar to Eq. (17a), 
though with Z (z) assumed independent of A, i.e. 

~E=21T SdzZ(Z) fdAOa(Z, A) . (22) 

The wavelength integral can, of course, be precom
puted, as it would normally depend only on the known 

line shape. 

Satellite Retrievals 

Retrieval of temperature or ozone from satellites 
usually involves a relatively narrow range of possible 
profiles for the quantity being sought. These may 
each be regarded as perturbations about some 
standard profile, perturbations which are, in general , 
fairly small. Using a perturbation theory approach 
to the retrieval problems in each case would , in effect, 
amount to linearizing the problem. This may lead to 

a significant simplification of operational retrieval 
algorithms. 

A further extension of the ideas in these last two 
applications to the general infrared exchange/heating 
rate problem in weather and climate models may also 

be feasible. 

5 Discussion 

In this paper we have presented a perturbation ap
proach to the computation of atmospheric radiative 
effects. Unlike a number of earlier perturbation ap
proaches, our approach has a much more rigorous 
foundation, and may be applied to the computation 
of any radiative effect in an obvious manner . 

Our approach differs radically from previous per
turbation approaches, in that it requires the solution 
of the adjoint transfer equation , as well as the normal 
(forward) equation (paper A) . For this reason , our 
approach has often been referred to as "adjOint
based" perturbation theory in the neutron transport 
context, where it has enjoyed considerable success 
(Bell and Glasstone, 1970). The reasons for this suc
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cess have their roots in the mathematical Sturm
Liouville problem, and mirror the success of similar 
ideas in quantum mechanics. (Our approach has also 
been referred to as "second order" perturbation 
theory, although this is technically a misnomer. 
Indeed, the full perturbation series has recently been 
derived using Green's function techniques (Bell and 
Glasstone, 1970), and has been published elsewhere 
(Box et aI., 1987). It should be pointed out that only 
a rigorously-based theory can be so generalized.) 

Adjoint-based perturbation techniques have recently 
been employed by Hall (1986) to study the sensitivity 
of an atmospheric general circulation model to the 
various model parameters. In this way, to quote from 
his abstract, "about a hundred first-order parameter 
sensitivities can be estimated with the same amount 
of computer time as a single int.egration of the model". 
As indicated in Section 6a, the theoretical framework 
presented in this paper is ideally suited to a sensitivity 
analysis of any of the parameters (cross sections) in 
our atmospheric model - i.e. of the transport opera tor, 
L. Some typical results will be presented in a forth
coming publication in this journal. 

Whilst our perturbation theory may be applied to the 
computation of any radiative effect (including the 
specific radiance, I(z, g), at any point in the 
atmosphere), much simpler results are obtained if the 
effect is azimuthally symmetric. This includes the 
c1imatologicaily significant effects of fluxes and 
heating rates (Gerstl, 1980). Similarly, although our 
theory may be applied to any atmospheric perturba
tion, we have shown in Section 4 that with a little pre
planning and pre-computation, many perturbations 
may be so organised as to result in quite remarkable 
efficiency. 

The key consideration in any approximate computa
tional technique is its accuracy. We have investigated 
the accuracy of our adjoint-based perturbation theory 
for a series of effects and perturbations . The effects 
considered were the flux at the surface, and at the top 
of the atmosphere, plus the heating rates for the 
boundary layer, free troposphere, and stratosphere. 
Two different perturbations were considered. In the 
first, the aerosol loading was re-scaled, over an optical 
depth range of nearly 1.0. For all but the lowest 
solar zenith angles, and largest perturbations, the 
perturbation result agreed with exact recalculation 
to within a few per cent. In the second, a fairly dirty 
continental aerosol was steadily replaced by a clean 
mari time aerosol, with no change in optical depth. 
These results were even more accurate. Details of 
these calculations will be presented in a subsequent 
publication. 

Appendix 1 

In this appendix we briefly review notation on the 
transport operator, its adjoint, source functions and 
response functions (see paper A for full details): 

a
L =fJ. + Ot(Z)-Os(Z) fdQ'p(Z,n' .... n) az -... "-'~a 

For a solar radiation source, in direction go, 

Q = fJ.Foo(z - ZTop)O(g - go). 

For a thermal emission source 

Q =(l-wo)Ot(z)B[T(z)], 

where B is the Planck function (Liou, 1980). 

The response functions for flux at height zo, and for 
layer heating between heights Z1 and Z2 (Z2 > z I) 
are, respectively, 

R = fJ.o(z - zo) 

and 
gOa 

R=Cp.:lp U(Z - ZI)U(Z2- Z), 

where U is the step function and Cp the specific heat. 

Finally we define the inner product of functions f 1 

and f2 : 

([1,f2>= JdZ fdgf1f2 . 

An additional integration over wavelength may be in
cluded if desired. 

Appendix 2 

In this appendix, we provide a derivation of Eq. (5) 
(c.f. Gerstl and Stacey, 1973). Starting with the 
transfer equation for I - Eq. (2a) - we obtain, using 
Eq. (6) 

Q = Ll = (Lo + .:lL)(lo + .:lI) 

= Lolo +.:lL 10 + L.:ll 

.'.0 = .:lLlo + L.:lI, 

where we have used Eq. (Ia). Taking the inner product 
(paper A) of this equation with 16" gives 

0= (16, .:lL 10> + 06", L.:lJ) 

= 06", .:lLlo>+ (1+ - .:ll+, L.:lJ) 

= (16", .:lLIo>+ 0+, L(I - 10»-<.:ll+, L.:lJ) 

= (It .:lLlo>+ <L+ 1+, J) - <L+1+,10> 

- <.:ll+ , L .:lI) 

= 06", .:lLl o>+ {R,]) - (R, 10> - <.:ll+, L.:lO 
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i.e. 

E =Eo -06, ~LIo ) + <~I+, L~I). 

Here we have used the definition of the adjoint opera
tor (Eg . (4) of paper A), as well as Egs. (3) and (4) . 
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