
[ 

Beilr. Phys. Almosph., May 1991, p. 73--82 

Article 0005·8173/91/020073-10 $ 3.0010 Vol. 64, No.2 73 

A General Analytical Expression for the Radiation Source 
Function of Emitting and Scattering Media within the Matrix 
Operator Method 

by Quanhua LIU, C. SIMMER and E. RUPRECHT 

Institut fUr Meereskunde an der UniversiUit Kiel, DUsternbrooker Weg 20, D-2300 Kiel, Germany 

(Manuscript received November 1990; in revised form April 1991) 

Abstract 

We derived an analytical expression for the radiation source function for a thermally emitting and 
scattering medium within the Matrix-Operator-Method (MOM). The final formulation is equivalent to the 
one found by Aronson and Yarmush (1966), who applied the transfer matrix to gamma-ray and neutron 
penetration (Aronson and Yarmush, 1%6) and to transpon problems in slab geometry (Aronson, 1970). 
For the thermal infrared case, the general analytical expression reduces to a simple formula , which depends 
only on the zenith angle. The formula is incorporated in the MOM together with analytical expressions of 
the transmission and reflection operators following Liu (1990). With the aid of these formulations, 
expressions are derived as parameterizations of the scattering effects of clouds in non·scattering radiative 
transfer models by a modification of the emissivity and transmittance of clouds. The accuracy is beller than 
0.5 % in the 11.5 IJ.m window region for clouds of arbitrary optical depths. 

Zusammenfassung 

Allgemeine Formulierung der Strahlungsquellfunktion cineremittiercnden und streucndcn Atmosphare 
mitt cis der Matrix-Operator-Methodc 

Eine analytische Formulierungder Strahlungsquellfunktion einer cmittiercnden und streuenden Atmos
phare wird zur Anwendung in der Matrix-Operator-Methode (MOM) hergeleitet. Eine ahnliche Formu
lierung findet man bei Aronson und Yarmush (1966), die den Durchgang von Gammastrahlen und 
Neutronen behandeln. FOr das thermische Infrarot reduziert sich der allgemeine Ausdruck auf eine 
einfache Form, nur abhangig vom Zenitwinkel. Die Gleichung wird zusammen mit den analytischen 
AusdrOcken fOr die Transmission und ReOexion nach Liu (1990) in die MOM eingefOhn. Damit ki)nncn 
die Streueffekte in Wolken durch eine Modifikation der Emissivitat und TransmissiviUit der Wolken 
parametrisien werden. Das hat zur Folge, daG mit einem Modell fOr nicht-streuende Wolken gerechnet 
werden kann. Die Genauigkcit dieser Parametrisierung wird an mehreren Beispielen gezeigt. 

1 Introduction elegant and elaborate mathematical solution has been 
developed for transport problems with sources by Ar

The matrix operator method is one of the most com onson and Yannush (1966) and Aronson (1970). In this 
monly used methods for solving radiative transfer paper, a different derivation is outlined (Appendix A) 
problems (cf. e.g. Plass et aI., 1973; Fischer and Grassl, and a general analytical expression of the radiation 
1984). With this method, the scattering problems of real source function within MOM is provided. The appli
atmospheres are solved by discretizing the atmosphere cation requires analytical formulations for the trans
into several homogeneous layers, for each of which mission and reflection operators. We use the expres
transmission and reflection operators are calculated in sions found by Liu (1990), which relate directly to the 
general by the adding or doubling method (cf. e.g. phase matrix ra ther than to eigenva lues and eigenvectors 
Stephens, 1976; Plass et aI., 1973). The final solution is of the phase matrix as do the formulations of Aronson 
then obtained by the star product method (Redheffer, (1970). The analytical expressions of the transmission 
1962). As to longwave infrared radiation, the calcula and the reflection operators, and the source function 
tion of the source function for the thermally emitting are shown to have the correct limits for optical depth 
and scattering medium is very time-consuming. An 't =0 and for single scattering albedos w =0 and w =1. 
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With the analytical expressions and for 16 x 16 discrete 
zenith angles (this is equivalent to a 16 stream method) 
the computer time is about one eight as compared to the 
adding or doubling method. By incorporating the ex
pressions into the MOM the overall computation time 
is largely reduced. Foroperational processing ofsatellite 
data, however, the necessary computations are still too 
time-consuming. With the commonly used limb dark
ening approximation and the derived analytical ex
pressions, the effects of the scattering and reflection by 
cloudscan be easily accounted for even in non-scattering 
radiation models. In the following, tbe expressions 
derived assume a Fourier expansion of the radiation 
field with respect to the azimuth angle. 

2 	An Analytical Expression for the Source 
Function of the Atmosphere 

For an emitting and non-scattering atmospheric layer, 
the radiative transfer eq uation can be written in the 
form (Liou, 1980): 

jl = d I ~t~~) I (t, 11) - B (T) (1 ) 

with I, the radiance, or the radiation intensity, 
~ = cos (8), 8 the zenith angle, B (T), the Planck func
tion, T, the constant temperature of the layer, and t, the 
optical depth. 

The solution of Eq. (1) for one homogeneous atmos

pheric layer of total optical depth t is 

1-(0, -~) = exp(- t/~) r-(t, -~) + 

+ 11- exp(- tIll») B(T) = 


= T(t, 11) I-(t, 11) + J-(t, 11) (3) 


reO, -~) = exp(- tIll) r(t, -11) + 

+ (1- exp(- tIll») B (T) = 

= T(t, 11) I-(t, 11) + ret, 11) (3) 

where T (t, 11) = exp (- t I ~), the path transmittance of 
the layer, and 

r (t, ~) = ]-(t, ~) = /1 - exp (- tl ~») B (T) 

the source function of the layer. 


The superscripts + and - denote upward and downward 

directions, respectively. The source function is the con

tribution from the atmospheric layer itself to the up

ward and downward radiation intensity at its top and 

bottom, respectively. 


If scattering is included, the radiative transfer through 

the layer (see Figure 1) satisfies the more complex 


i 1+ (t) -1 1- (t) 

t 

i 1+ (0) -1.- (0) 

Figure 1 Schematic description of the radiation transfer in a 
homogeneous atmospheric layer. 

matrix formulation 

[ 
I+(t)] = [T R] [I+(O)]+[J+] 
reO) R T ret) r 

(4) 

with 

T: transmission matrix, R: reflection matrix, 
I±: intensity matrices, J±: source function matrices. 

T, R, I± and J± have a dimension of n x n with n as the 
number ofzenith angles within one hemisphere. Eq . (4) 
differs from Eqs. (2) and (3) in the following three 
points: 

1. 	 Integration over zenith angles is involved. 
2. 	 An additional term R is included due to scattering. 
3. 	The source function matrices J± include scattering 

effects. 

Aronson (1970) has given a general analytical expres
sion for the source function. We derive a formulation 
for the thermal radiation of emitting and scattering 
media within MOM, in a way more familiar to the 
atmospheric science community. The source function 
matrix J can be written as (see Appendix A) 

J=J+=r=(E-T-R)B(T)I (5) 

where I = (1,1, ... , I), and 1 is a vector, all components 
of which are l. 

The analytical expressions of the T and R, as given by 
Liu (1990), are 

T = 2 I cos h(Ht) - V sin h(H t) + cos h(Ft)

- U sin h(FtW I 	 (6) 

R = ~ Icos h(Ht) + V sin h(H t) - cos h(Ft)

- U sin heFt)} T (7) 

with 

F2 = (a l + a0 (a l - a0, H2 = (a l - a0 (a l + a 0 \ 
-I -I (8)

V=(a l +a0,H , U=(a l -a0 F 

a 
l 
= w M- I p++ C - M- I 	 (9) 

a 
2 

= w M-I p+- C 	 (10) 
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and w, the single scattering albedo, 

p++ = {P++ (11 j' 11)J, 

forward scattering phase function 


p+- = {P+- (11 j, - ~l) J, 
backward scattering phase function 


M = (l1j D ij), 11 j cos (8), 


quadrature points 


C = (CjD ij), C j , integration weights 

E, the n x n unity-matrix. 

All columns of the source functioll matrix J equal each 
other, which means that each element ofJ depends only 
on the observing zenith angle. The column ofJ orsource 
function vector S can be written as 

1s(e 1)] I] £(e )] 
s (ez) ~ 	 = £(~z) B(T)S=I : =(E-T-R)B(T) 

1 £ (en)seen) 

(11 ) 

with £ (e) , the emissivityofthe medium being given by 

n 

£(e.) = 1- ~ IT (e . e.) + R . (e . e.»)
I ,L" I) I') I) I ' ) 

j =1 

This is so because the source function is the contribu
tion from a cloudy atmospheric layer to the radiance I. 
The layer is assumed to be horizontally homogeneous 
and in local thermodynamic equilibrium. In the ther
mal infrared region, the atmospheric layers are the only 
radiation sources, which depend only on the observing 
zenith angle. Thus the radiance I depends also only on 
the observing zenith angle. In the near-infrared region 
(say, around 3.7 11m), the solar radiation must be con
sidered. Since the distribution of solar radiation reach
ing each atmospheric layer is dependent on the sun's 
zenith angle, the radiance I in this range depends on 
both the sun's zenith angle and the observing zenith 
angle. 

3 	Properties of the Analytical Transmission 
and Reflection matrices 

In the following we shall demonstrate that the analyti
cal expressions for the transmission and reflection ma 
trices (Eqs. (6) and (7» show the expected limits for 
zero optical depth and for purely scattering media (i.e. 

w = 1) and purely absorbing(i.e. w = O)media. For't = 0, 
T should reduce to the unity matrix and R must vanish. 
This is obvious by noticing 

sin h (H 't)1 't =0 = sin h (F't)1 't =0 = 0 

cos h(H't)I't =o = cosh(F't)I't=o = E 

For purely absorbing media (w = 0), the constant ma
trices in Eqs. (6) and (7) reduce to 

H=F=M- 1 

U=V=-E 

For this case, Eqs. (6) and (7) give 

T=exp(-M- 11:), R=O 

For purely scattering media (w = 1), we should have 

{j (12)CT+ R)I ~ 
because energy must be conserved. This point can be 
easily proved having analytical formulations for Rand 
T. A proof is provided in Appendix C. 

We compared the analytical formulations of Rand T 
with the computations using the doubling or adding 
methods for a large range of 1: and w. The results agree 
to better than 0.01 % . The differences can be attributed 
to the limited accuracy of the computer and the numer
ical scheme. 

4 Scattering Effects in the Thermal Infrared 

In the range of the thermal infrared radiation, the 
effects of scattering on the radiation field in water 
clouds are small and can be neglected in most cases. 
This is different for ice clouds. The effects of reflection 
and scattering of high cirrus clouds on the outgoing 
radiation can be up to 20 % (Platt and Stephens, 1980). 
Since the source function of the atmosphere in the 
thermal radiation region depends only on the zenith 
angle, the radiative intensities also depend only on the 
zenith angle. Algorithms using the matrix operator 
method to calculate longwave radiation have been 
contributed by many authors (e.g. Stephens, 1976; Grant 
and Hunt, 1969a, 1969b; Stamnes and Swanson, 1981; 
Waterman, 1981). To review some of the striking prop
erties of cirrus clouds in the longwave radiation region 
we compare results from water and ice clouds using the 
derived analytical expressions. We select a tropical 
summer, a dry stratosphere, a standard atmospheric 
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profile with one homogeneous ice cloud layer (183
247 hPa) and one homogeneous water cloud layer 
(500--630 hPa), respectively. The surface albedo is set 
to zero to facilitate the interpretation. The full charac
terization of cloud microphysical properties and the 
determination of the optical properties associated with 
these microphysical parameters is impossible , even 
with the most sophisticated experimental design (Stone 
et. aI., 1990). To further simplify the problem, we 
assume that the clouds are composed of spherical par
ticles distributed according to the stratocumulus cloud 
model of Hansen (1971) 

nCr) =No A r 5.474 exp(-1.5899 r) (13) 

with n, number of particles in units of cm-3 I1m-1, 

A = 0.07318I1m-l,andNo,thetotalnumberconcentra
tion per cm3. Although r is the particle radius in 11m, the 

474function r 5. exp (-1.5899 r) is treated as a dimen
sionless function. The refractive index of ice and water 
was taken from Irvine and Pollack (1968) and from 
Hale and Querry (1973), respectively. The radiation 
transfer model used for the non-scattering case was a 
narrowband model developed by Schmitz (1986). The 
description of the gas absorption within his model is 
also used in applying the Matrix-Operator-Method . 
The water-vapour line transmittance is treated by an 
exponential-sum fit (Wiscombe and Evans, 1977) and 
the water-vapour continuum absorption is taken from 
Grassl (1976). The following computations are per

10 
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Figure 2 Variation of transmittance (dashed line) and reOcctan
ce (solid line) with zenith angle 8 for an ice cloud layer of 
spherical particles at 11.5 ~m. The single scattering albedo (J) is 
0.937. The optical depth 1: is 5. 

formed with a single scattering albedo co = 0.937 at 
11.5 11m. 

The calculations with the Matrix-Operator-Method 
show that the reflectance of a thick ice cloud layer can 
be larger than 20 % and increases with the viewing 
zenith angle (Figure 2). For large optical depths the 
reflection approaches a non-zero constant and the 
transmission goes to zero (Figure 3). Figure 4 shows 
the variation of the brightness temperature at the top of 
the atmosphere with the number concentration of the 
particles for scattering and non-scattering clouds. The 
scattering effect reduces the brightness temperature up 
to 32 K (at 't = 10) and approaches 15 K for large opti
cal depths. For an opaque cloud, there is no penetration 
of energy from below the cloud. The upward intensity 
at the top of the atmosphere equals £ (8) B eTc) (Tc: 
the temperature of the cloud layer) when contributions 
from the atmospheric layer above the cloud are ne
glected (see Eq. (11».£(8) equals 1 without scattering 
and is less than 1 with scattering. Due to scattering, the 
upward energy below the cloud is partly reflected by 
the cloud. Therefore, the scattering and the reflection 
reduce the upward fluxes above the opaque cloud and 
increase the downward fluxes below the cloud (see 
Figure 5). The deduced cloud temperature from satel
lite observations is lower than the actual temperature 
of the cloud when scattering is neglected. In this sense, 
the cloud height assignment of ice clouds will be over
estimated by a radiation transfer model that does not 
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Figure 3 Variation of transmittance (dashed line) and the re
Oectance (solid line )with the optical depth 1: for an ice cloud layer 
oC spherical particles at 11 .5 ~. The single scattering albedo (J) is 
0.937 and zenith angle 8 = 61 degree. 
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Figure 4 Variation of the brightness temperature at the top of the 
atmosphere for zenith angle e = 61 0 with the number of the con· 
centration of an ice cloud laye r of spherical particles for the 
tropical summer, a dry stratosphere, and standard atmospheric 
profile at wavelength A = ] 1.5 ~. Thedashed line represents the 
results from the radiation model calculations without scattering. 
The solid line represents the results from the radiation model 
calculations including the scattering. 
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Figure 5 Vertical distribution of the longwave Ouxes in an 
atmosphere for the tropical summer, a dry stratosphere, and 
standard atmospheric profiles with an ice cloud layer of spherical 
particles. The cloud stretches from 183 to 247 hPa. The cloud 
number concentration is 500 cm-3. The dashed line represents the 
results from the radiation model calculations including scattering. 
The solid line represents the results from lhe radiation model 
calculations without scattering. 

account for the reflection of the clouds, which is the 
common situation in the present operational methods 
using satellite observa tions.1t is expensive, however, to 
directly use the scattering radiation model in the oper
ational scheme. Therefore, a simple radiation model 
with the inclusion of the effects of scattering and reflec
tion is required and will be given in the next section. 

5 The Parameterization of the Reflection and 
Transmission Matrices in Non-Scattering 
Models 

For the infrared window, the upward radiation at the 
top of the atmosphere with one ice cloud layer is mainly 
composed of the upward radiation from the cloud layer 
(see Eg. (11)) and the upward radiation (coming from 
below the cloud and traversing it). The effects of the 
atmosphere above the cloud are generally small and 
can be neglected. The same is true for scattering effects 
of the atmosphere below the cloud. Thus we can write 
the following approximate equation 

I £ (e)1+ (e) Ib (e1) 


1+(e:J 
 £ (e:J Ib (e:J 

+ T (14) 
Ib (e)1+ (e) I 

= B(Te) 
I 

Ib (en), 1+(e ) £ (en)n

with lb ' the upward radiation below the cloud, and 
B (Te) the Planck function for the cloud temperature 
Te' Applying the limb darkening approximation 

Ib (O)= la1 +a2 (1/cos(e)-1)) Ib(O) (15) 

each component of the column 1+ in Eq. (14) can be 
rewritten as 

I+(e) = £(e) B(Te) + 

n { T . (e. e) } 
+l b(O) .2: a +a2(~J/c~S(e)-1) = 

J = 1 1 

= £ (e) B (Tc) + Te(e i , 0e) Ib (e) (16) 

with the effective transmittance 

Te (e i , 'te) = la1 + a2(1/ cos (eJ -1)) . 

± { Tij (e i , ej ) } (17) 
j = 1 a1 + a2 (1/ cos (ej ) - 1) 

http:tions.1t
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Table 1 The look-up table of the effective transmittance (1), the emissivity (2), and the fUnction 
exp (-'t/~) (3) for ice cloud of spheric particles at 11.5 ~m. The single scattering albedo w = 0.937. 
Where ~ = cos (9) , 't: the optical depth. 

't t ~ 
0.0 	 I 

2 
3 

0.1 	 I 
2 
3 

0.5 	 I 
2 
3 

1.0 	 I 
2 
3 

. 2.0 	 I 
2 
3 

5.0 	 1 
2 
3 

8.0 	 I 
2 
3 

10.0 	 1 
2 
3 

15.0 	 1 
2 
3 

20.0 1 
2 
3 

25.0 	 1 
2 
3 

50.0 	 1 
2 
3 

100.0 	 1 
2 
3 

1.00 .%9 .899 .792 .652 .486 .299 .101 

1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.000:) 1.0000 
0.0000 0.0000 O.CXlOO 0.0000 0.0000 0.0000 0.0000 O.CX){)() 
1.0000 I.CX)OO 1.(XXXl 1.0000 1.0000 1.0000 1.0000 1.0000 

9.9887 0.9881 0.9864 0.9828 0.9752 0.9573 0.9082 0.7185 
0.0064 0.0066 0.tXl71 0.0082 0.0100 0.D135 0.0214 OJl486 
0.9048 0.9020 0.8948 0.8814 0.8579 0.8140 0.7164 0.3727 

0.9393 0.9359 0.9267 0.9081 0.8726 0.8028 0.6663 0.4411 
0.0345 0.0357 0.0390 0.0450 0.0552 0.0724 0.0992 0.1235 
0.6055 0.5971 0.5735 0.5319 0.4647 0.3575 0.1887 0.0072 

0.8720 0.8653 0.8474 0.8137 0.7555 0.6593 0.5154 0.3521 
0.0742 0.0769 0.0836 0.0956 0.1140 0.1394 0.1650 0.1615 
0.3679 0.3565 0.3289 0.2829 0.2159 0.1278 0.0356 O.CX)01 

0.7338 0.7224 0.6941 0.6457 0.5739 0.4783 0.3678 0.2576 
0.1623 0.1671 0.1788 0.1971 0.2203 0.2422 0.2471 0.2124 
0.1353 0.1271 0.1082 O.08CX) 0.0466 0.0163 0.0013 O.CXlCX) 

0.3990 0.3880 0.3626 0.3251 0.2790 0.2284 0.1764 0.1246 
0.4123 0.4162 0.4242 0.4325 0.4348 0.4224 0.3840 OJ035 
0.0067 0.0058 0.0038 0.0018 0.cxJ05 0.0000 O.CXlOO 0'(x)00 

0.2085 0.2021 0.1877 0.1673 0.1431 0.1170 0.0904 0.0639 
0.5774 0.5772 0.5755 0.5688 0.5520 0.5181 0.4572 0.3529 
0.0003 0'(lOO3 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000 

0.1347 0.1305 0.1212 0.1079 0.0922 0.0754 0.0583 0.0412 
0.6457 0.6435 0.6371 0.6238 0.5989 0.5563 0.4865 0.3726 
0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

0.0452 0.0438 0.0406 0.0361 0.0309 0.0253 0.0195 0.0138 
0.7321 0.7271 0.7147 0.6928 0.6578 0.6043 0.5232 0.3975 
O.OOCXl 0.0000 O.OOCX) 0.0000 0.0000 0.0000 O.(XlOO O.cxJOO 

0.0151 0.0147 0.0136 0.0121 0.0104 0.0085 0.0065 0.0046 
0.7628 0.7560 0.7414 0.7165 0.6780 0.6208 0.5359 0.4060 
0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

0.0051 0.0049 0.0046 0.0041 0.0035 0.0028 0.0022 0.0016 
0.7719 0.7657 0.7505 0.7246 0.6849 0.6264 0.5401 0.4089 
0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

0.0000 O.tXl(Xl 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 
0.7770 0.7706 0.7550 0.7286 0.6884 0.6292 0.5423 OA103 
0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 
O.OO(Xl 0.0000 0.0000 0.0000 0.0000 0.0000 O.OO(X) O'(x)OO 
0.7770 0.7706 0.7550 0.7286 0.6884 0.6292 0.5423 0.4104 I 

0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 O.CXlOO 
- -  - -  - - -  - -

The coefficients a1 and a2 can be determined through a We can include the effect of the atmosphere above the 
regression technique based on exact radiation transfer cloud to first order when we write Eq. (16) in the form 
model calculations. For 11.5 !-Lm we obtain a1 = 1.0 and 

r+ (9) =Ta Tij (9 i, 't ) £ (9) B (TJ +a2 =0.0072. The emissivity £ and effective transmit a

tance Te depend only on the optical depth and the 
+ Ta(9 i, 'tJ Tc(9 i , 'tc) Ib(9) (18)

viewing zenith angle for given microphysical properties 
of the cloud. They can be precalculated for different with T a' the atmospheric transmittance of the optical 
clouds in form of look-up tables. Table 1 lists the emis depth 't above the cloud. Eq. (18) has the same forma
sivity, 	the effective transmittance and the transmit and needs almost the same computation time as a 
tance without scattering for the ice cloud described conventional non-scattering radiation model. Figure 6 
above. shows the deviations between using the matrix opera
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Figurc 7 Vertical distribution of the longwave fluxes in an 
atmosphere for the tropical summer, a dry stratosphere, and 
standard atmospheric profiles with a water cloud layer of spheric 
particles. The cloud extends from 500 to 630 hPa . The cloud 
number concentration is 500 cm-) . The dashed line represents the 
results from the radiation model calculations including scatter
ing. The solid line represents the results from the radiation model 
calculations withou t scattering. 

tor method and Eq. (18). The deviation is less than 
0.7 K. Thus the parameterization in form of Eq. (18) is 
accurate enough for operational processing of the me
teorological satellite data for ice clouds. For water 
droplet clouds, the effects of scattering and reflection 
can be neglected (Figure 7). 

6 Conclusion 

Utilizing the analytical expressions for transmission, 
reflection and the source function , the computation 
time with the matrix operator method is largely re
duced. Theexpressions give the correct limits and allow 
further analytical treatments. The calculation show 
that the reflection effects of ice clouds, with the drop 
size distribution given by Eq. (13), can be larger than 
20 % . The reflection effects strongly depend on both 
the size distribution of cloud particles and the wave
length. For the following size distribution (Deirmend
jian, 1969), which is more typical of high cirrus clouds, 

nCr) = No A r 6 cxp(-1.89736 ff) (19) 

with A = 6.29 x 10.7 ~m-l and mode radius of 40 ~m, 
the reflection effect is less than 5 % in the infrared 
window (Figure 8). Larger reflection effects appear at 
the larger wavelength because of larger single scatter
ing albedos (Figure 9). By parameterizing the source 
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Figurc 8 Variation of reflectances of an ice cloud layer with 
wavelength A (unit: Ilm) for particle number concentration 
No =1000 cm-) at zenith angle e =61 °. The dashed line corre
sponds to the drop sil.e distribution as give n by Eq. (19). The solid 
line corresponds to the drop size distribution according to Eq. 
(13). 



--

80 Ouanhua Uu, C. Simmer and E. Ruprecht Beitr. Phys. Atmosph. 

1.0 

: 08 ~ ~I\ I 
""0 

I 

: 

QI 

0.6 U'~ ",\~ V 
I 

= - -" \. 
I 

QI... '-
I 

... 
8 0.4 

V1 

QI 

0'1 
C
Vi 0.2 

0.0 

10 100 


Wavelength f... [pm) 

Figure 9 Variation of single scattering albedos of an ice cloud 
layer with wavele ngth A (unit ~) for particle number concen
tration No =1000 cm-3

. The dashed line corresponds to the drop 
size distribution as given by Eg. (19). The solid line corresponds 
to the drop size distribution represe nted by Eg. (13). 

function, transmission and reflection matrices accord
ingly , the non-scattering radiation model can account 
for the effects of reflection and scattering. With such a 
parameterization one can achieve an accuracy of 0.7 K 
for the brightness temperature at 11.5 11m compared to 
the matrix operator me thod. Thus it is useful for oper 
ational schemes. 
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Appendix A 

E g. (4) can be rearranged as 

[E -RJ [1+('1:) ]= 
o T q1:) 

=[ T 0] [1+(1:)]+[ J +] (AI) 
- R E q1:) - r 

with 0 the n x n null-matrix. 

l 

Premultipling Eq . (AI) by [: - ~ryields to 

1 
1+(1:) ]= [T - Rr Rrl] [ 1+(0)]+

[ q1:) - rlR rl qO) 

CA2)+ [: - I [ _~r ~:] 
For the computation of the inverse matrix see Kraus 
(1987, page 87). Another formulation describing the 
radiative transfer through an emitting and scattering 
medium is (Stephens, 1976) 

M d 1+(1:) = J+(1:) - co (P++ C 1+(1:) + p +- C r(1:))
d't 

- (1 - co) B (T) 1" (A3) 

- M d r(1:) = q't) - (,) W+- C I+('t) + p++ C q1:)) 
d't 

-(l-(o))B(T)l (A4) 

with 1= (1, 1, ...,1), and It =(I, 1, ... , 1). 

Eqs. (A3) and (A4) can be combined to 

~[ I+('t) ] = _ [ <Xl <X2] [ 1+(1:)] _ 
d1: r('t) -<X2 -a l q't) 

BCT) M  I I] (AS)- (1 - co) [ _ B (T) M- 1 I 

E g. (AS) is a standard form of the matrix differential 
equation (see Eq . (8.22) of Kraus, 1987). It has the 
solution 

1+C1:)]=ex [ _ [ a l <X2] 1:)[I+CO) ] + 
[ q1:) P - <X2 -al 1- (0) 

+ {cxp [ - [ _:: _:~l't)-E2n}' 
. a I a 2]-1 (1- co) [ B(T) M- I~-] (A6) 

- - - B (T) M- I la 2 a lr 
with E2 n' the 2 n x 2 n unity-matrix. 

The comparison between the first term of the right 
hand side of Eqs. (A2) and (A6) gives 

a lT - R T - I R R T - 1 J ( [ a 2])= cxp - 't (7)[- T - I R T - 1 - a - a
2 l 

Comparing the second term of the right hand side of 
Eq. (A2) with Eq. (A6) and using Eq. (A7) results in 
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the identity 

rJ ::: [E - R] {[T - RrIR RT- 1]_ E }. 
[ _ rOT - T- I R T - I 211 

-1 
a 1 a 2 B(T) M-II 

. [ - a - a ] (1 - w) [ _ B (T) M- 1 I] ::: 
2 l 

-l 

T- E R a l a 2 


= [- R E -T] [-a - a J2 l 

.(1-W) [ B(T) M-
I I] (A8) 

- B(T) M - I I 
By using 

(1-w)IE-w(P++ +p+-)q- 1 1:::1 (A9) 

we get 

J =J 
+ 

:::J 
-

= 


:::- (E - T-R) (a +a2rl M- I (l-w) B (T) 1=
l 

= (E - T - R) IE - w(P+ ++ p+ -)q-l 


. (1 - w) B (T) 1= 

= (E - T - R) B (T) I (A10) 


A proof of the Eq. (A9) is provided in the appendix B. 

Appendix B 

We assume 

(1 - (0) IE -<0 (PH + P'j CJ-'fJl:1(Bl) 

Multiplying Eq. (B 1) by the matrix 

IE - w (p++ + P+-) q , we get 

(B2) (1-<0) 1JIE - <o(pH + P'j c{ 
Since the phase function obeys the normalization con 
dition 

n 

" (P++ + P+~) C == J (B3)L. lJ IJ J 
j = 1 

Eq. (B2) is fulfilled and Eq. (B1) is thus proved . 

Appendix C 

If Eq. (7) is used to give R 

(T + R) == { E + ~ Icos h (Ht) + V sin h (Ut)

-cosh(Ft)- U sinh(Ft)I}T (C1) 

We assume 

(1,1, . .. , 1) 1M q (T + R) 1M CJ- 1 =(1,1, .. . , 1) (C2) 

That is 

(1 , 1, . . . ,1) 1M q 

x { E + ~ I cos h (H t) + V sin h (H t) 

- cos h (Ft) - U sin h (Ft)l} 

= (1, 1, ... , 1) 1M q.1 == (1,1, ... , 1) 1M CJ · 

. ~ Icos h (Ut) - V sin h (Ht) + 

+ cos h (Ft) - U sin h (Ft)1 (C3) 

Eq. (C3) can be further simplified to 

(1, I , ... , 1) {M CJ {E + ~ {V sin h (H t) - cos h (F t)1\ 

= (1 , 1, ... , 1) {M q ~ 1- V sin h (Ut) + cos h (Ft)1 

(C4) 

By using the normalization condition (see (83) in Ap
pendix B), we get 

(1, 1, . .. , 1) {M q (a1 + az> ::: 
:::(l , l, ... , l)(1 - w)C =(0, 0, .. . ,0) (C5) 

for w ::: 1. Then, 

(1 , 1, ... , 1) {MCJ V = (1,1, .. . , 1) 1M q (a l + az> H- l 

= (0, 0, .. . ,0) (C6) 

(1,1 , ... , 1) (MCJF2 
::: (1,1, . .. , 1) 1M q (a + az>

l 

(a l - a z> ::: (0, 0, .. . ,0) (C7) 

and 

(1,1 , ... , I)IMqF2+2 n =(0,0, . . . , 0) (C8) 

Therefore, 

(l,I , . .. ,l)!MqVsinh(Ht):::(O,O, ... , O) (C9) 

(1 , 1, ... ,1) (Mq cosh(Ft) = (1, 1, ... ,1) {Mq (ClO) 

The right side of the Eq. (C2) equals the left side of the 
Eq. (C2) . 
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